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Abstract

In this work a Newton interior-point method for the solution of Karush-Kuhn—
Tucker systems is presented.

A crucial feature of this iterative method is the solution, at each iteration, of the
inner subproblem. This subproblem is a linear-quadratic programming problem, that
can solved approximately by an inner iterative method such as the Hestenes multipliers’
method.

A deep analysis on the choices of the parameters of the method (perturbation and
damping parameters) has been done.

The global convergence of the Newton interior-point method is proved when it is
viewed as an inexact Newton method for the solution of nonlinear systems with restric-
tion on the sign of some variables.
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The Newton interior-point method is numerically evaluated on large scale test prob-
lems arising from elliptic optimal control problems which show the effectiveness of the
approach.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

This work is concerned with the numerical solution of large scale nonlinear
programming (NLP) problems arising, for instance, from the discretization of
optimal control problems with partial differential equations and control and
state constraints. In particular, we make reference to optimal control problems
for semilinear elliptic equations subject to control and state inequality con-
straints, with boundary or distributed control. These problems have been stud-
ied in [18]: by a suitable finite—difference discretization scheme, a control
problem is transcribed into a large scale finite-dimensional NLP problem
(see also [16,17]), where the objective function often is a quadratic form, the
elliptic state equation and the Dirichlet and/or Neumann boundary conditions
become equality constraints and the control and state constraints are simple
box constraints. The numerical solution of this large scale NLP problem
can be determined by solving the constrained system of nonlinear equations
obtained by the Karush—Kuhn-Tucker (KKT) optimality conditions of the
problem. In this paper, we propose to solve the nonlinear system by an inexact
Newton scheme, that includes the strategy of the interior-point (IP) method
for the treatment of the constrained variables. For the linear system arising
at each step of the iterative scheme, we can use an inner iterative method,
devising an adaptive stopping rule that allows to avoid unnecessary inner
iterations for the initial outer iterations and, at the same time, assures global
convergence and local superlinear convergence of the whole method (see also
[8D.

In the next section, we describe the steps of this inexact Newton method,
pointing out the meaning of the parameters on which the scheme depends.
In Section 3, we discuss about the convergence of the scheme. In Section 4, tak-
ing into account the special features of the NLP problem (equality and box
constraints), we focus our attention to the inner linear system that has be
solved at each iteration, given by the reduced Karush—Kuhn-Tucker indefinite
system. Under suitable conditions that assure the nonsingularity of the system
and the boundedness of its inverse, the system can be viewed as the Lagrange
necessary conditions for the minimum point of a convex quadratic program-
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ming problem and it can be efficiently solved by Hestenes multipliers’ scheme.
Then, the solution of the KKT indefinite system is led to the solution of a se-
quence of symmetric positive definite systems. Numerical experiments on the
elliptic control problems show that, generally, one or two iterations of the Hes-
tenes scheme per outer iteration are sufficient to satisfy the inner adaptive stop-
ping rule. As consequence, this inexact Newton method preserves the good
behaviour of the classical interior-point methods and, at the same time, can
take advantage of the use of efficient sparse Cholesky solvers for the solution
of inner positive definite systems.

In the following, ||-|| denotes the Euclidean vector norm or the spectral ma-
trix norm.

2. An inexact Newton method for Karush—-Kuhn-Tucker systems

Consider the following nonlinear programming problem:

min f(x),
g (x) =0, (1)
&(x) =20

)

where x € R, f(x): R" = R, g,(x) : R" — R™, g,(x) : R" — R". We assume
f(x), g1(x), g2(x) are twice continuously differentiable and the first and second
derivatives of the objective function and constraints are available.

By introducing slack variables, the problem (1) can be rewritten as

min £ (x),
gl(x) = 07 (2)
gZ(x) — 5= Oa
s =0,

whose KKT optimality conditions are
a=Vf(x) - Vg (x)h — Vg, (x)4, = 0,
ﬁz_gl(x):()v (3)
7= —8(x)+s5=0,

0 = AySe,, =0

s=0 >0,

where s, 4, € R", A, = diag(4,), S = diag(s). The vector e,, indicates the vector
of m components whose values are equal to 1.
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The system (3) can be written as

H(v)=0, )
s=0 4, =0,
where
X o
A
v=|" and H(v) = B o)
A y
s 0
The Jacobian matrix of H is the matrix
O B C 0
BT 0 0 O
H = ,
O=1e 0 0 1
0O 0 S 4,

where 0 = V?f(x) — Y101, Vg, (x) — Y172, V7g,,(x) is the Hessian matrix
of the Lagrangian function of the problem (2), B = — Vg |(x) and C = — Vg,(x).
Here V*f(x), Vzgl,,-(x), Vzgz,,-(x) are the Hessian matrices of the function f{x)
and of i-th component of the constraints g;(x), and g,(x) respectively; then,
A1 and A, are the i-th component of 4, and 4, respectively.

In order to solve the system (4), we can use a Newton-type method that con-
sists in computing the solution Av'® of the linear system

H'()Ay = —H (), (5)
and in updating the current iterate by
Pl — ) 4 g ApK)

As pointed out in [10], when we consider the last block of equations of the sys-
tem (5), called complemenlarzty equations, it can be observed that if s s =0 (or
Azl =0), then s =0 (or ) =0), for all j> k. It means that, if the iterate
reaches the boundary of the fea51ble region, it sticks on the boundary even if
it is far from the solution. In order to avoid this drawback, the complementar-
ity equations are modified by introducing a perturbation parameter p. This
yields the perturbed KKT conditions

H(v) = pe,

s=>0 4 >0,
T T\T
where e = (On+neq+m7 em) .

The Newton IP method consists in finding the solution Av® of the per-
turbed Newton equation and in updating the current iterate

(6)
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H'() Ay = —H(®) + p2, (7)
p D — &) 4 o Ay (8)

where the parameter p, goes to 0 when k diverges. The method determines a
sequence {v™} that strictly satisfies the constraints in (6) and the KK T condi-
tions (4) only in the limit.

The crucial points in the analysis of the method are the choices of the
parameters p; and oy and the solution of the linear system (7).

We define p; = oy, where o4 € [0min, max] C (0, 1); if the following condi-
tion holds:

_HOW)|
M < .U/(fz) =m0 )

then the solution Av‘®) of the system (7) is a descent direction for || H(v)||* ([4, p.
77]) and, from (7), it satisfies the residual condition of the inexact Newton
method ([1]):

12 () AvE + H )| < i [HOO)], (10)
where the forcmg term 1, = oy <

T30 . . . .
,u,((l) = STZ < ,ukz), where i, () g strictly connected with the notion of adherence

to the central path which is the basis of IP methods ([10]); then the choice of the
perturbation parameter y, € [,u,({l), uff)] assures that Av® satisfies the residual
condition of the inexact Newton method and it is a descent direction for
|H(v)||>. At the same time, the range of values of the perturbation parameter
is enlarged in order to avoid stagnation of the current iterate on the boundary
of the nonnegative orthant (s, 4,) = 0 that occurs when the value of /,L,((U is too
small and we are far away from the solution (see [5]).

Now consider the system (7). When the size is large, the computation of the
exact solution can be too expensive then the system (7) can be solved approx-
imately. We denote again by Av® the approximate solution of system (7). If the
coefficient matrix has a special structure, an iterative scheme can exploit this
feature. Nevertheless, the use of an iterative solver determines the necessity
to state an adaptive termination rule so that the accuracy in solving the inner
system depends on the quality of the current iterate of the outer method. This
means that we can apply an iterative scheme until the final inner residual

omax < 1. Furthermore, it is easy to prove that

D = H' (v AV + HD) — gppe (11)

satisfies a suitable stopping criterion; under convenient hypotheses reported be-
low, the following criterion assures the global convergence of the whole
scheme:

W< el HOO)I- (12)
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This adaptive termination rule avoids unnecessary inner iterations when we are
far from the solution.

Theorem 1. If 0< Ok < Opax < 1, 0< 5k < 5max <1 and Omax + 5max <1, the
vector AvP, k = 0, that satisfies (11) and (12) is a descent direction at p® for
||H(v(k))\|2 and it satisfies the residual condition (10) with ;= o+ 6, <
0-}’i’lll)( + 5max < l
Proof. The vector Av® is a descent direction if

2H(vO) H (v0) A < 0.
From (11), (12) and (9), we have

H) H (V) A = HW)r® — | HW)|? + o HvY) e

(0 = DIHEO) + o |HS)|?

—(1 = (S + o) [H ™).

Furthermore,
[H' (V) A + HO)| = 1" + oxee]| < (8 + 00)) [HD)].

This completes the proof. O

The damping parameter oy has to satisfy the feasibility and centrality condi-
tions in order to assure the convergence of the method and have to guarantee a
sufficient decreasing of || H(v)||> at each iterate. In order to satisfy all the condi-
tions, the damping parameter o, is determined by the following sequence of
steps.

1. Feasibility condition means that all the iterates »* have to belong to the
feasible region

{vewwmm st.s;>0 and 4y, >0 Vi=1... m}
(k+1)

So, if As* <0 (or Aig_‘i) <0), " will be chosen such that s
0 (or 55V > 0). '

2. Centrality conditions are expressed by the nonnegativity of the following
functions ([10], see also [19, p. 402]):

¢(or) = min (S(")(oc)/l(zk)(oc)em) — VT <MW> =0, (13)

>

U(2) = s9(2)" 2 (2) = | Hi (09 ()] > 0 (14)
where s®(0) = s* + aAs® and 1,P(a) = LY + aA 1L,D; 9, € [L,1).
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At each iterate we choose &; such that conditions (13) and (14) are satisfied
Vo € (Oa &k] g (0, 1], then O(I({2> = min {&k’ O(,(:)},

In order to satisfy inequalities (13) and (14) in the initial iterate, we have
min;_p (S(O)A(U)e,,,) , S(O)T;((])
W, and T < W,

3. On the other hand, the final parameter o, must be selected so that the outer
iterative scheme is convergent to a solution of the system (4). For this aim,
following the theory on inexact Newton methods ([9]), a minimum reduction
algorithm, consisting in a line-search strategy with backtracking technique,

is included in the method. Thus, ac,((z) is reduced using the following strategy:

o Set fe (0,4, 0€(0,1), 0 =of”;

o while [|HO® + 0 Av®)|| > (1—po(1~(ox + 3)) | HEO)|

ol = GOCk

end while i

If the backtracking procedure terminates after 7 steps, then o, = 0 oc,iz); fur-

T < where we assume s > 0, /1 > 0.

thermore, if oc,(f) is bounded below by a scalar greater than zero, say «®, then
also oy is bounded below by a positive scalar, say & > 0, i.e. o > o > 0, and
the vector o Av®, k > 0, satisfies the residual condition of the inexact New-
ton method

1 (v) o Av® + HO )| < i | H (0O,

where n, =1 — oy (1 — (g + 0;)) < 7 < 1. Indeed, from (11), (12) and (9),
we have

1H (VD)o Av® + HO)|| < [Jou(=H W) + 1Y + appye) + HOW)|
< (L= o) [HEO)| + o1 + arpe]
< (1= (1 = (o4 + 60))) | H(»®)].

Now we focus our attention to the solution of the linear system (7) that, by
omitting the iteration index k, can be written as
OAx + BAA + CALy, = —
B"Ax = —8,
C"Ax 4+ As = —y,
SAly + AyAs = —0 + pe,,.

From the complementarity equations we can deduce
As = A;'[=SAZy — 0 + pe,]

and then the system (7) can be rewritten in reduced form
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O B C Ax —a
BT 0 0 Ady | = —B : (15)
C" 0 —A'S) \ Ak &, (x) — pAyle,

By a further substitution from the third block equation
Ady = S7HA,CTAx + Ayy — 0 + pe,),

the system can be written in condensed form
A B A
(o 0)an) = (5) 1

with
A=0+CS'ACT,
c=—a— C(x)S7'[Ary — 0+ pe,),
q=—p.

Let the vector r® of (11) be partitioned commensurately as v* and H(»®):
PONE REA P (17)

when we solve approximately the system (7) in the form (15), we have rik) =0
while in the form (16), we have rgk) = rik) = 0. In other words, in both cases, the
block related to the complementarity equations is solved exactly.

3. Analysis of the convergence

We state the conditions such that the Newton IP method can be viewed as
an inexact Newton method ([9]) with restriction on the sign of some variables.
Given € > 0, we define

Qe)={r:0<e< [HY)|
< |HG)|?, s.t. (13) and (14) hold}. (18)
Q(e) is a closed set.

Let assume that the following conditions hold ([6], see also [10]):

Cl in Q(0), f(x), g1(x), g>(x) are twice continuously differentiable; the gradi-
ents of the equality constraints are linearly independent and A’ (v) is Lips-
chitz continuous;
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C2 the sequences {x®} and {/lé“} are bounded;
C3 in any compact subset of ©(0) where s is bounded away from zero, the
matrix H'(v) is nonsingular.

In general, in literature, the condition C3 is replaced by a sufficient condi-
tion to assure that C3 holds.

The boundedness of the sequence {x®} can be assured by enforcing box
constraints —/; < x ) <1, for sufficiently large /;>0, i=1,.

Theorem 2. Let (v} be a sequence generated as described in the previous

section.
va(k)GQ(e), €>0, then

(a) (s(k))le(k), sl(k)/lgfi), i=1,...,m, are bounded above and below away from zero
for any k = 0; |[H,(v®)|| is bounded above for any k = 0

(b) if C1 and C2 hold, then {»®} is bounded above and s and /lék) are compo-
nentwise bounded away from zero;,

(¢) if C1, C2 and C3 hold, then the sequence of matrices {H'(v*)™'} is bounded,

(d) if C1, C2 and C3 hold, then the sequence {Av®} is bounded.

Proof. (a) The above boundedness of s,(k)/lgfi), i=1,...,m, and (s*)TA,%

follows from the inequality

T
50250 < () ) = 1594 eyl < Vil S©AY e |

= Vml[H®)|| < V|| H(®)]. (19)
Furthermore in Q(¢), ¢ >0, from (13) and (14), we have s( )/1 > 0 for any
k>0andi=1,...,m. Indeed, if we assume that sﬁ ))ékj =0 for some j, then

(") TL,® =0 and ||H1(v(k))|| =0; but this contradicts |[HO®)|| > ¢, €>0.
From the inequality

e < [HOW)|| < [[H (v* >\|+||S Ve
< (ST /(ma) + 18P AP el = (1 4+ 1/ () ") T2, (20)

it follows that, for k > 0and i=1,....m
(D)2 > en/(1,+2) (1)
and, from (13),

1

s<.k>/1(2]? > e1172/(2m(t, + 2)). (22)
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Finally,
[ ()| < [IHO)] < [IHG)].
(b) From assumptions C1 and C2 and from (3), we have
] = 1V (®) + BOAY + I | < [|H(xD)].
Then, since B® is a full column-rank matrix, we can write
A0 = (BT BT (7 p(x 0y — cW 3 4 @),

For C1 and C2, the sequence {l(lk)} is bounded.
Furthermore,

s < s — g (x| + lga (x| < [HH D)+ llga (x“)])-

Then the sequence {s*} is bounded.

Since sl(k))éki) are bounded below away from zero and s’

is bounded above,
for any k, it follows that l§k> is bounded below away from zero. Analogously,
for the same argument, s is bounded away from zero.

(c) Rearranging the rows and the columns of the matrix H' (v*’), we obtain

the following matrix
AP s® 00
0 c® o
0o ¢c®w Q(k) BW

0o o0 B® o

(23)

Since s and llgk) are bounded above and componentwise below away from 0,
the matrix (23) can be factorized in the form LOU®, where L® is the matrix

I 0 0 07

A5 I 0 2
0 —cWgw™ 1 o 24

L 0 0 0 1]

and U® is the matrix
(4P s® 0 0]
_gw 0T

0 E C 0 ’ (25)
0 0 F® &

Lo o B®W o |

with E® = A(Zk)ilS(“ and F® = 0® + CPEP-1COT Since L® and H'(vP)
are nonsingular bounded matrices, the block triangular matrix U®) is a nonsin-
gular matrix with nonsingular and bounded diagonal blocks. The inverse of the
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matrix H'(v"?) is given by (U®)'(L®)~!. Since all the blocks of the matrices
(U~ and (L%)~! are bounded, then H'(»*)~! is also bounded in Q(¢), € > 0,
ie.

17 ()| < M (26)

for v* € Q(e), ¢ > 0 and for k > 0, with M a positive scalar.
(d) Since (11), Av'® has the following form:

Av = H' (WY (—HOP) 4 rD 4 gpe). (27)
From (26), (18), (9) and (12), we have that
[Av O] < M1+ 6 + o) [H) | < 2M || H(»)],

because d; + 04 < Omax T Omax < 1. Then the proof is completed. [

In the following we analyze the three steps for the computation of the damp-
ing parameter oy, and we show that it is uniformly bounded away from zero (see
Section 2).

In the step 1., it is easy to see that oc,(cl) is bounded away from zero, i.e.

o = oM > 0, since we set

(k) )

(1) . . —S; . /sz,‘
o =minq min —zs, min W’l ,

asP<0 As ail<o Ay

where, for any iteration k, s§k> and )V(zﬁ.) are bounded away from zero and Asfk)
and Axg’f,? are bounded. '

Now, we analyze the damping parameter in step 2.; the following theorem
(see [11]) shows the existence of two positive numbers &,((2> and &5{2) such that
the centrality functions ¢(o) and (o) are nonnegative for o € (0,&,(3)} and

for a € (0, &5(2)] respectively.

Theorem 3. Let (v} be a sequence generated as described in the previous
section; let us also assume o) € [ G minOmax] C (0,1) and 6; € [0,0,4] C[0,1),
and

or > 0r(1 4 7,12). (28)

Then, if 9®(0) > 0, there exists a positive number &1((2) > 0, such that 9™(a) = 0
for all o € (0,5”).

Then, if t//(k)(O) > 0, there exists a positive number 5(,(3) >0, such that
W 90) = 0 for all o € (0,5)].

Proof. Set

N® = Asfk)Aigk,-) _ MAS(I()TA],(;) i=1,...,m.
, m
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The fourth block equations of the linear system (7) in componentwise is
sPAM) + 0SS = s + oy (29)
Summing for any i = 1,...,m, we have
sOTAZP 4 20T A® = 0T3O 4 g (30)
Thus, for o € (0,1], we can define
oM () = (sl(»k) + aAsgk)) (/L’Zz + ocA/12,>
— % (s<k) + otAs(k)) (l(zk) + ocA/lgk)).
By easy computation and by using (29) and (30), we can deduce
0! (@) = (1 = ) [s/"2) = L5040 4 aoupy (1= 719,)
o2 (Asﬁ")Aﬂéﬁ? 7% Ak Mf’) .
Hence,
0" (2) = (1 = )" (0) + oy (1 = 7172
2 (AP A — B AT A ). (31)
Since ®(0) > 0, we have qol(-k>(0) > 0. Then
(1= 2)0/”(0) = ¢/ () = aoap, (1 — 117)
— o2 (A AL - T AsT ALY,
Thus
qol(-k)(o&) > oy (1 — 11y,) + o (Asﬁ”Ai? D0k Ak A/lg‘))

= ooy (1 —117,) — 2N®,

Set N® = max,_ L.mN l(-k); for any o such that

o > (1= uydowy)/NY >0, (32)
we have () > 0. Thus we define

5% = m%)l(]{cc e® (1) =0, Vt < a}.
ae(
We prove now the second part of the theorem.
By assumptions Cl, we have that H)(v) is Lipschitz continuous with

Lipschitz constant I'.
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Set
T r
MO = |As9TALY g AV P

and let #*) be the vector composed by the first three block components of the
vector r® defined in (11) and (17). By the mean value theorem for vector val-
ued functions (e.g. see [2, p. 74]), we can write for a € (0, 1]

H (v + oaAv®) = H(v®)) + ol (vD) AvH
1
+ o < / (H, (0 4 EahvD) — H' (vD))) dé) Av®),
0
= (1 — o)H,;(»") 4 o™

1
+ oc(/ (H, (v + EavD) — H (v<k>))df> Av®.
0
(33)
From the Lipschitz continuity for the derivative of H;(v), we obtain

1HL (v + 2 AV )| < (1 = o) [|HL (vO)]] + o7

1
wal [ rlear®ac) as,
0
or, by (12)
r
[H (7 4 oA )| < (1= a)[|Hy (v) ] + oy |[H W) | + Eoc2||Av(k)||2.
(34)

From the definition of *() and by using (30), we have that

WO (@) = s©T AP 1 a(—s®T A0 1 gm) + a2 As® T AL

— e[ Hy (0" + oAv W) .

If we multiply (34) by —y,71, changing the sign, then we have a lower bound of
—yk12||H1(v(k) + ocAv(k))H that gives

YO () = (1= a)y™(0) + alorrym — 020, | H(v)]])

r
i (A“’”TM? R |2)

()"

m

w“(a)w(( % —5k)ykrz||H<v<">>|—aw).

)

Then, by the hypothesis y*(0) > 0, W = and (20), we obtain
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If condition (28) holds, then for any « such that

Oy
> _ H(v®N N /g ®
(72— 0l HOM)I/MO > 0 (33)
we have y® () > 0. Thus we define
5% = max {o: i © () =0, v <o}

ae(0,1]

This completes the proof. O

Let us define
5 — min {ag ) a1 } e (0,1];
then, under the hypotheses of Theorem 2, N*) and M® are uniformly bounded
and
&k > o> 0.
Consequently, we have
o) = min{a, 2"} > o® = min{a, "} > 0.

To select the final value of the damping parameter at the iteration k, in step 3.
we perform the backtracking technique described in [9] until an acceptable

e
oy = Qtoc,(c>

is found, where 7 is the smallest nonnegative integer such that oy satisfies the
backtracking condition

IH (v + o Av ) | < (1 = B (1 = (o + 3))[H (™), (36)

with 0, € (0,1).
We have to prove now that 7 is a finite number independent on £.

Theorem 4. Under the hypotheses of Theorems 2, 3, the while-loop in step 3.
terminates in a finite number of steps.

Proof. From (29), (33) and (11), we have, for « € (0,1] and fori=1,...,m
(s* + ocAs )(/L,zl + O!A/Lzl) = ! /1 L+ o(—s; )/1(21(1) + o) + oczAs,(.k)Aigfi)

and

H (v + aAv®) = (1 — ) H, (v")) + 0¥

1
+a ( / (H, (v + cav®) — H' (v1)) dé) Ay
0
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We can write
H (79 1 ds)
H(O"Y +aAv\?) =
( ) (S® + aAS®) (Ag’” + aAA;“)

H, (v® (k) 0
=(1-0) l(k) vof " +oc( >
S(k)/lg >em 0 Oy lm

; ( (Jo (1 (69 + Catol®)) — B} (v0)) ) w9 )

0
) 0
T as9aAPe, )
Thus

IHOY £ abo®) ] < (1= @) HOD)| + e + aogllen
1
LA / VL (0 + ) — B (50 dé

+ 2|ASPAA e, .
From the Lipschitz continuity for the derivative of H,(v), from (12), we have

1 + o2&y )| < (1= ) [HOO)]| + oox + 30 [HD)]|
r
o2 <||AS(")AA(2")em|| +5 ||Av<k>|2).

Therefore, we can affirm that

(1= Bl = (ox + 3))IHG)|| = [|[HGY + 2Av?)|
> (1= Wt = (ot aIHOO] - (143 ) 1)

is nonnegative for o € (0, d] with

(=B~ G+ SNIHOO)

(1+L)jav0?
Since & is bounded away from zero m Q(e), € > 0, it is possible to find a non-
negative integer 7 such that 0 < 0’ ) < min{&,1}; then the value o; = 0’
is bounded below by a strictly posmve number, say .
This completes the proof. [

Set & = min {«(?, 5}, we observe that, since
(1 = Bou(l = (ox +6x))) < (1 = Po(l = (Fmax + Imax))) < 1,
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inequality (36) asserts that
[H D) < [|H )] (37)
We prove now the following result (see [11]).

Proposition 1. Let ¢(o) and y(a) be the centrality functions defined in (13) and
(14); set

min(5 45”e,,) T

() LT ||H1<v< I

T =

and let be given a sequence of parameters {y;} with

1
1>V0>V1>"'>Vk>yk+12"'25.

Furthermore, since s >0, 11(20> > 0, then

@ () =0 forall a € (07&;9)}7

YO () >0 forall e (o,&,@]
for any k=0,1,...
Proof Thls results shows that the strict feasibility of the initial vectors s© > 0
and /l > 0 is sufficient to guarantee the positivity of the centrality functions

(o) and Y(a) at each iterate k.
Indeed, for k = 0, the definitions of 7; and 7, give

?(0) = (1 — py) min(SV AVe,,) > 0,

WO(0) = (13084 > 0.

Theorem 3 assures that there exist &(()2) > 0 and 5(82) > 0 such that

o) =0 forall o e (0 2>},

) =0 forallue (0,56(()2)}

Thus, we have ¢ P(a9) > 0 and y?(a9) > 0, where o is the final value of the
damping parameter obtained after the backtracking procedure.
For k =1, the centrality functions are

¢V (%) = min (S(U(oc)/lgl)(oc)em) . <s(1)(OC)T}él)(oc)>,
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(@) = sV ()" 2 (@) = pwllH 6D @),

where sV(@) = 5O + aAs?, 1 (2) = 2 + «AA" and vD(x) = v D + aAVD.
We have

(I)Tl(l)
o0 g, (5045) - (22,

V) = s = | H ()] > 0
and y; < 79, we have
9!(0) = ¢V(2) = 0 and ¥ (0) = ¥ (m) > 0.
Thus, Theorem 3 assures that there exist &iz) > 0 and 5((12> > 0 such that

@V(x) = 0 forall o€ (075‘(12)}’

Yy W(a) =0 forall oe (0,&52)}.

Hence, we have ¢Y(a;) = 0 and yP(a;) > 0, where «; is the step-length ob-
tained after the execution of the backtracking procedure.
Thus, in the next steps (kK = 2,3,...) of the process we have

0" (0) = ¢* V(1) =0 and Y¥(0) = y* V() = 0.
This completes the proof. [

Since the initial iterate v* satisfies (13) and (14), then »© € Q(0). Then Ay,
satisfying (11) and (12), is well defined. The procedure described in Section 2
and Theorems 2-4 enable us to determine oy so that |[H(v")|| < |[H?)|
and (13) and (14) hold at »". Then v'" € ©(0). With the same argument, if
v® € Q(0), then v* * ' € ©Q(0). Therefore the sequence {¥*} € Q(0), for k > 0.

Theorem 5. Under the hypotheses of Theorems 2, 3, the Newton IP algorithm,
with € = 0, generates a sequence (v} such that:

(@) if v* is a limit point of the sequence (v} such that H'(v*) is nonsingular,
then the sequence {H(v'"®)} converges to zero and v converges to v* when
k diverges,
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(b) the sequence {||H™)||} converges to zero and each limit point of the
sequence {v(k)} satisfies the KKT conditions for (1) and (2);

(c) if the sequence j{v(k)} converges to v* with H'(v") nonsingular matrix,
or = O([HOW)||9), 0 < <1, and 6, = O(|H(v)||), then there exists an
index k such that oy = 1 for k > k. Thus, the Newton IP algorithm has a
superlinear local convergence.

Proof. Part (a) Since v € Q(¢), ¢ > 0, then, by Theorem 2, | H(»®)|| # 0 and
H'(v)) is nonsingular. Therefore, the method is well defined and determines a
new point at each iteration k. Since theorems 2, 3 and 4, the Newton IP step
a, Av® satisfies the residual condition of the inexact Newton method with
forcing term uniformly bounded by 1 (see Section 2) and the condition on the
reduction of the norm (37). Thus, from [20, p. 70] (or [9, Theor. 6.1]) we have
the result.

Part (b) (see [8, Theor. 3.1]). The Newton IP method generates in Q(e), € > 0
a sequence {||[H(v*)||} which is monotone nonincreasing, then, bounded.
Consequently, this sequence has a limit point, say, H* € R. If it is equal to zero,
we have the result. Suppose that H* # 0, then the sequence {»*’} and its limit
point belong to Q(e), with e = (H*)* > 0. If v* is one this limit points, we have
that H'(»") is a nonsingular matrix, then from part (a) of this theorem we
deduce that H(v") = 0. This contradicts the assumption that H* > 0. Hence, the

sequence {||H(»®)||} must converges to zero.
Part (c) (see [7]). From (11), (9) and (12), we have

IAVON < JIH' () I+ 0+ 00) | H ()]

where H'("*)~! is a bounded matrix, then, for k >k, we have,
[As®| = O(|[H(®)[|) and [|ALL ] = o(||H (v* )||) Then, for k sufficiently
large, the condltlons (13) and (14) are satisfied for oc,i ) = 1. Indeed, for k suf-
ficiently large, As!" < 0 and A/L2, < 0 are negligible with respect s\ and /lgkl
and then o) = 1.

Furthermore, from the definition of go, ( ) and (31), we observe that

ol (1) = s (A3 (1) = (e /m) (s (1) T (1)
> ougu(1 = 719e) = (1+ w9 /m)[|As® || A2
Since, from (9) and (20), we have
IH /(1 + 1/ (nw2))m) < gy < [HEO)||/v/m,
then g, = O(|[H(W)||) and oy, = @(\|H(v<k>)||5“), while [|As®|[|[|AL9)|| =
(9(||H(v("))||2>. Hence the criterion (13) is satisfied for &,Ez) =1, with k suffi-

ciently large.
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As far as the criterion (14) is concerned,
(1) = (9147 (1) — | H (v (1)
> moyp, — (S HOW)| + (1 + 50| avP).
so, for sufficiently large k, &ff) = 1 satisfies (14).
Then oc,<€2> = min (oc,il), &,Ez), 6(;2), 1) =1.

Now we prove that the backtracking procedure determines o, =1 for
sufficiently large k.

IH O )] = [HE® + AvO)],
<HEY + Av) — (HEY) + 1 () Av©) | + || H (v)
+ H' (v Ar D).

For the Lemma 2.2 in [1] (see also the footnote in p. 403) and from the residual
condition (10) with forcing term 5, = gy + Jy, it follows that

[HE )] < o(|AvO ) + (6 + o) [[H(»Y)]|
= o([lH™)[) + (3¢ + o) |H(»™)]I.

Hence, we have

(1= B(1 = (S + o)) HE)[ = [HEW (1)
> (1= B)(1 = (5 + o)) [HOD) || = o([|1H(»*)])

(1= B)HEW)|| = (1 = B)(S + o) [HGD) || = o(|IH(™)])

(1= BIIHG)| = (CHE)) + O([HY)|?) = o([|H(¥)])
0

\Y

Then, there exists an index k£ > 0 such that o = 1 for all k¥ > k. It follows that
ﬂk:1—0Ck(1—(5k+0'k)):5k+0'k, fOI'kZI_C

and then, from Corollary 3.5(a) in [1], the sequence {»*} converges to »*

superlinearly. [

4. Solution of the KKT indefinite system in condensed form

When we have to solve NLP problems as those in [16-18], where the ine-
quality constraints are simple box constraints, it is convenient to reduce the in-
ner linear system (7) in the form (16); indeed, in this case, the term CS~'A,CT
of the matrix A4 is a diagonal matrix.
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A crucial point for the well definition of the algorithm is that the matrix
H'(v) is nonsingular in any compact set of Q(0) where s is bounded away from
zero (hypothesis C3). This hypothesis holds if the coefficient matrix of the sys-
tem (16) is nonsingular in the same sets. This matrix is nonsingular if and only
if the matrix Z* A4Z is nonsingular, where Z is the m x (n — neq) matrix such
that B"Z=0 and Z'Z =1, i.e. the columns of Z form an orthogonal basis
of the null space of BT ([12]).

The following theorem states two sufficient conditions to assure that this
matrix is nonsingular.

Theorem 6. The coefficient matrix in (16) is nonsingular if one of the following
conditions hold.

C3'  the matrices A and B"A™'B are nonsingular,
C3" B is a full row-rank matrix and A is positive definite on the null space of
B /(B") ={xeR":B"x =0}

Proof. If C3’ holds, it is immediate to prove that the following matrix is the
inverse of the coefficient matrix in (16):

A —47'B(B"47'B) 'BT4™ A47'B(B"A7'B)™!
(B"47'B)'B4™! —B"47'B)" )
For the condition C3”, see [15, p. 424]. O

Under the hypothesis C3”, setting y; = Ax and y, = A4y, the system (16), can
be viewed as the Lagrange necessary conditions for the minimum point of the
following quadratic problem

S 1
minimize 3 yidy, — 'y,
subject to BTy, — ¢ =0.

This quadratic problem can be solved efficiently by Hestenes multipliers’

scheme ([13, p. 308]), that consists in updating the dual variable by the rule
P =0+ uB"YY —q),

where y is a positive parameter (penalty parameter) and y%’) minimize the aug-

mented lagrangian function of the quadratic problem

%(BTyl —q) (B"y, - q).

This means that yY) is the solution of the linear system of order n

(A4 + BBy, = —ByY + ¢ + 1Bq. (38)

1
L0y) = 5piAn —yie+y; (Bly —q) +
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Note that, since B' has full row-rank, the null space of BB" is equal to the null
space of BT, then the matrix A is positive definite on the null space of BB'.
Then, it is immediate the following theorem.

Theorem 7 [15, p. 408]. There exists a positive parameter y* such that for all
x> 1%, the matrix A+ yB B' is positive definite.

This result enables us to solve the system (38) by applying a Cholesky
factorization.

In order to choose the parameter y, we observe that, Vx # 0, we must have
x"(4 + yBB")x > 0. When B"x = 0, we have, for the hypothesis C3”, x*4x > 0.
If B'x # 0, x"BB"x > 0. Then, it follows that

—xTA4x
x> max (0, max ————
xg (8" XTBB" x

Since ||4|| > (—x"A4x)/(x"x) for any natural norm and also for the Frobenius
norm ||| and x"BB'x/(x"x) > tiin, Where T, is the minimum nonzero
eigenvalue of BB or of BB, we can choose as y the following value:
ol
Tmin
In general it is difficult to determine an estimate of 7,,;,. Numerical evidence
shows that a good approximation of rmm is min(1,,i,), Where f,;, 1s the min-
imum diagonal entry of the matrix B' B, although f;miy, = Tmin. Furthermore, in
order to avoid that the value of y is too small (the matrix is not positive defi-
nite) or too large (too ill-conditioned system), it is convenient to use save-
guards. In the numerical experiments of the next section, the following value
of y produced good results:

y = min <max < 10 max{||,ﬂ|pl}) 108) (39)

min{tyi, 1}

5. Numerical results

In order to evaluate the effectiveness of the Newton IP method, a Fortran 90
code, implementing the method, has been carried out on HP zx6000 worksta-
tion with Itanium2 processor 1.3 GHz and 2Gb of RAM. The code has been
compiled with a +O3 optimization option of the Fortran HP compiler.

In this code, the Hessian matrix Q of the lagrangian function and the Jacobian
matrices B and C” of the equality and inequality constraints are stored in a col-
umn compressed format ([21]). Then, in order to compute the matrices

=Q+ CS '4,CTand 4 + yB B”, the code executes a preprocess procedure.
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The preprocess routine builds a data structure storing the indices of the nonzero
entries of the above matrices. For any nonzero entry, in the same data structure
we also store the pairs of indices of the elements of B and B"(and C and C'
respectively) that give a nonzero contribution in the scalar products. The pre-
process routine also computes the symbolic Cholesky factorization of 4 + yB
B". Indeed, at each Hestenes iteration, it is necessary to solve a linear system
where the coefficient matrix of order n, 4 + yB B is sparse, symmetric, positive
definite. To exploit the sparsity of 4 + yBB', its factorization is obtained by a
Fortran package (version 0.3) of Ng and Peyton (included in the package LIP-
SOL, downloadable from http://www.cam.rice.edu/~zhang/lipsol). This package
computes a priori the symbolic factor of 4 + yB B', using the multiple minimum
degree ordering of Liu to minimize the fill-ins in this factor and the supernodal
block factorization to take advantage of modern computer architectures ([14]).
The a priori symbolic factorization is executed in the preprocess routine.

The code uses uil) as perturbation parameter; at each outer iteration the
damping parameter o, is initially chosen equal to 1, then it is eventually re-
duced in order to satisfy the feasibility condition, the centrality conditions
(13) and (14) and the backtracking strategy (36) with § = 10~*. The factor of
reduction of oy is 6 = 0.5.

The Newton IP method stops when

IH (™) < 107,
or when (see [22])
|gap| < 1 787
I+ |gap|

where “gap” is the difference between the primal function f{x) and the dual
function

d(x, 1, 1) = (%) = Ay gy(x) — kg (x) — VS (x)"x

or a(J0)s

ng(x)T

The inner Hestenes solver stops if the following rule is satisfied
IF9] < max (5-107%, 6, | H(»®)]]),

or if a maximum number is reached; in the code, the maximum number is fixed
equal to 6.

Numerical experiments have been carried out using the code on a set of test
problems described in [16], [17] and [18]. In these cases, the matrix C S~'A, CT
is a diagonal matrix and in the preprocess phase only the matrix BB" has to be
considered.


http://www.cam.rice.edu/~zhang/lipsol
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In Table 1, we report the references of the considered test problems. The
number of variables #» and the number of the equality constraints neq depend
on a parameter N which represents the number of the mesh points for each
dimension of the square domain of the control problem. The suffix in the name
of the tests problems is the value of N.

In Table 2, for each test problems, we report the values of n, neq, the number
of nonzero entries nnzq and nnzb of Q and B respectively, the number nnz of
the nonzero entries of the lower triangular part of 4 + yBB" and the number
nnzl of the nonzero entries of the Cholesky factor of 4 + yBB'. We observe
that, because of the structure of B, the matrix-matrix product BB' does not

Table 1
Description of the test-problems
Test problems References
TP1-N [18, 4.2, p. 191]
M=1,K=08b=1,u1=17, uy=2, Y(x) =7.1
TP2-N [17, 4.4, Example 4, p. 153]
TP3-N [16, 5.2, Example 5.5, p. 47]
TP4-N [16, 5.2, Example 5.7, p. 51]
Table 2

Values of 1, neq, nonzero entries in Q, in B, nonzero entries in the triangular part of 4 + yBB" and
in its Cholesky factor

Test problems n neq nnzq nnzb nnz nnzl

TP1-99 19,602 9801 39,204 58,410 72,816 715,465
TP1-199 79,202 39,601 158,404 236,810 295,620 3,409,660
TP1-299 178,802 89,401 357,604 535,210 1,158,029 8,900,195
TP1-399 318,402 159,201 636,304 953,610 2,064,029 20,090,160
TP1-499 498,002 249,001 996,004 149,2010 3,230,029 28,768,781
TP2-99 19,998 10,197 19,602 38,214 128,401 717,837
TP2-199 79,998 40,397 79,202 156,414 516,801 3,414,432
TP2-299 179,998 90,597 178,802 354,614 1,165,201 8,907,367
TP2-399 319,998 160,797 318,402 632,814 2073601 20,099,732
TP3-99 10,593 10,197 10,593 30,789 70,783 622,759
TP3-199 41,193 40,397 41,193 121,589 281,583 3,181,444
TP3-299 91,793 90,597 91,793 272,389 632,383 8,374,469
TP3-399 162,393 160,797 162,393 483,189 1,123,183 16,252,152
TP3-499 252,993 250,997 252,993 753,989 1,753,983 26,855,490
TP4-99 10,593 10,197 10,197 30,789 70,783 622,759
TP4-199 41,193 40,397 40,397 121,589 281,588 3,181,444
TP4-299 91,793 90,597 90,597 272,389 632,383 8,374,469
TP4-399 162,393 160,797 160,797 483,189 1,123,183 16,252,152

TP4-499 252,993 250,997 250,997 753,989 1,753,983 26,855,490
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give rise to an excessive number of nonzero entries and the matrix 4 + yBB" is
very sparse with a density at most equal to 0.06%. Furthermore the ratio of the
nonzero entries in the Cholesky factor and in the matrix 4 + yBB" is at most
equal to 15.3.

In Table 3, we report the results of the Newton IP method when we use the
Hestenes multipliers’ iterative scheme. In this table, it represents the number of
outer iterations of Newton IP method. The total number of inner iterations of
the Hestenes method is reported in brackets. The execution time, expressed in
seconds, is subdivided into two parts, the preprocess time and the time for com-
puting the solution (solution time). Table 3 shows that the Newton IP-Hestenes
scheme is able to solve high—dimensional and sparse NLP problems. The code
is efficient from the point of view of the memory usage and of the execution
time. Actually, the more expensive computational task is the preprocess phase,
which is dependent on the strategy used to perform the matrix-matrix products
needed in the method.

Furthermore, in all test problems, the total execution time of the Newton
IP-Hestenes method is significantly less than the one of the Newton IP method
which uses a direct inner solver as the MA27 subroutine of the Harwell Sub-

Table 3
Results of Newton IP-Hestenes
Test problems Newton IP-Hestenes

it Preprocess time + solution time
TP1-99 28(29) 577 +2.7
TP1-199 48(49) 118.03 + 25.11
TP1-299 81(111) 686.30 + 131.49
TP1-399 102(153) 2292.11 +477.5
TP1-499 101(166) 5496.66 + 699.3
TP2-99 13(29) 6.09 +1.51
TP2-199 15(50) 118.07 + 10.38
TP2-299 16(46) 634.28 +30.59
TP2-399 17(47) 2109.27 + 80.5
TP3-99 29(32) 2.22+2.03
TP3-199 54(59) 36.38 + 22.87
TP3-299 181(186) 206.35 +246.8
TP3-399 327(341) 833.79 + 961.08
TP3-499 501(527) 1933.793 + 2768.707
TP4-99 21(23) 3.02 + 1.46
TP4-199 26(27) 47.83 +10.87
TP4-299 39(45) 162.15 + 52.88
TP4-399 36(39) 831.0 +105.29

TP4-499 65(87) 2062.11 + 360.03
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routine Library. This routine solves the symmetric system by a sparse symme-
try preserving Bunch—Parlett triangular factorization ([3]).

For instance, the execution time of Newton IP-MA27 method is 24.71 and
304.11 seconds for TP1-99 and TP1-199 respectively with 25 and 26 iterations
in the two cases respectively. For the test problems TP3-99, TP3-199, TP4-99
and TP4-199, we have 27.38, 349.66, 22.52, 250.28 seconds respectively with
29, 37, 24, 27 iterations in all these cases respectively. In the other cases of Ta-
ble 3, the Newton IP-MA27 method fails for exceeded memory requirements.
Finally, we observe that in the larger test problems, the method with the direct
solver, when it works, requires less iterations.

6. Conclusions

We have discussed the use of an inexact Newton method for the solution of
nonlinear programming problems arising from elliptic control problems. At
each step of this method we introduced Hestenes multipliers’ scheme as itera-
tive solver for the inner indefinite KKT system. Consequently the solution of
this system is led to a solution of a sequence of positive definite systems. We
devised conditions to assure the global convergence of the whole method. As
shown in Table 3, few inner iterations of Hestenes scheme per outer iteration
are sufficient to satisfy the inner stopping rule.
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